Let G be a graph in which each vertex has been colored using one of k colors, say 
In order to prove the above result for equitably 3-colorable 4-cycle decompositions, we have proved more general results showing that there are no equitably (m − 1)-colorable m-cycle decompositions of K v + I for v > m(m − 1). These results, and some further restrictions on v for the existence of equitably (m − 1)-colorable m-cycle decompositions of K v + I, are given in Section 2. Our main results on equitably 3-colorable m-cycle decompositions for m = 4, 5 and 6 are proved in Sections 3-5, respectively. In this paper, unless otherwise stated, vertices subscripted w, b and g are colored white, black and gray, respectively. We use K n (p) to denote the complete multipartite graph with n parts each containing p vertices. We define C n (p) to be the multipartite graph with n parts V i , (i = 1, 2, . . . , n), each V i contains p vertices, and the edge set is {{x, y} | x ∈ V i , y ∈ V i+1 , i = 1, 2, . . . , n, where n + 1 regarded as 1}. Finally, for vertex disjoint graphs G 1 and G 2 , we denote G 1  G 2 to be the graph with vertex set V (G 1 )  V (G 2 ) and edge set consisting of the edges of G 1 , the edges of G 2 and an edge uv for each u ∈ V (G 1 ) and v ∈ V (G 2 ).
Equitably (m − 1)-colorable m-cycle decompositions
Suppose that the vertices of a graph G have been colored using m − 1 colors and that we wish to find an equitably (m − 1)-colorable m-cycle decomposition of G. Each equitably (m − 1)-colorable m-cycle in this decomposition must have two vertices of the same color and m − 2 vertices each colored differently. If we consider the ith color and all m-cycles in the decomposition containing two vertices of color i, then we can separate these m-cycles into two groups: one group containing those m-cycles with a pure-colored edge (an edge connecting the two vertices of color i), and the other group containing those m-cycles without a pure-colored edge. This limit on the number of m-cycles with a pure-colored edge in turn limits the number of such edges in G. Hence, there is a limit on the number of vertices of each color in G. This restricts the order of the graph for which an equitably (m − 1)-colorable m-cycle decomposition may exist. Indeed, an upper limit on v is given for K v + I. 
here, f i is the number of pure-colored edges of color i in the 1-factor I. Therefore
The upper quantity must necessarily be less than or equal to the total number of m-cycles in the decomposition. We therefore obtain the following inequality:
x i , multiplying both sides by 2m and rearranging, we find that
Using the Cauchy-Schwarz inequality
in the left-hand side of the upper inequality, we have
and hence
If we now consider edges between vertices of different colors, we find that an equitably (m − 1)-colorable m-cycle decomposition of K v + I does not always exist, even if v satisfies the upper limit just presented. The following theorem gives extra restrictions on allowable values of v. 
Theorem 2.2. Suppose that x i is the number of vertices in K
Without loss of generality, suppose that j = 1 to obtain
Equitably 3-colorable 4-cycle decompositions
The following lemma is well known.
Lemma 3.1 ([8]). There exist 4-cycle decompositions of K v + I if and only if
We also make use of the following existence results which were found by hand. .
Equitably 3-colorable 5-cycle decompositions
We introduce the following definitions first. 
, where X is a v-set, G is a set of subsets (called groups) of X , G partitions X , B is a set of subsets (called blocks) of X such that (1) |G| ∈ M for each G ∈ G, (2) |B| ∈ K for each B ∈ B, (3) |B ∩ G| ≤ 1 for each B ∈ B and each G ∈ G, (4) Each pair of elements of X from distinct groups is contained in a unique block.
When K = {k} and M = {m}, we simply write GDD(k, m; v) for GDD({k}, {m}; v). The following result is well-known, and is useful in proving the main theorem of this section. We also make use of the following existence results when proving Theorem 4.1. 
Lemma 4.1 ([5]). For all positive integers x there exists a (2x +
Type B. Let the vertex set of
Type C. Let the vertex set of K 10 + I be {0 w , 1 w , 2 w ,
. . , 7 g }, with the edges in I being
is given by:
( Type C. Let the vertex set of K 3(10) be
the elements of the group {x 1 , x 2 , x 3 , x 4 }, color three of the (blown-up by x 1 ) elements white, three black and four gray, color four of the (blown-up by x 2 ) elements white, three black and three gray, color three of the (blown-up by x 3 or x 4 ) elements white, four black and three gray. Then place an equitably 3-colorable 5-cycle decomposition of K 3(10) (Type A, Type B or Type C) on each (blown-up) block and an equitably 3-colorable 5-cycle decomposition of K 20 + I or K 40 + I on each (blown-up) group of size 2 or 4, respectively. Here, when we place a Type A, Type B or Type C decomposition, we can relabel the colors if necessary.
Equitably 3-colorable 6-cycle decompositions
The following lemma is well known. We also make use of the following existence results when proving Theorem 5.1. 
